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Abstract 



It is shown generally that any oscillation probability in matter with ap- 
proximately constant density coincides with that in vacuum to the first two 
nontrivial orders in Am'jj^L/E if \Am'ji^L/ E\ <^ 1 and \GfN(,L\ <^ 1 are 
satisfied. 



14.60.Pq, 14.60.St 



Typeset using REVT^ 



* Email : yasuda@phys . met r o-u .ac.jp 



1 



Recently a lot of efforts have been made on study of neutrino oscillations at long baseline 
experiments. Using the mass hierarchical condition |Am2]^| -C lAm^gl — jAmg^l in the three 
flavor framework of neutrino oscillations, it has been found in the case of T-conserving 
probability P(z/e u^) or in the case of T-violating probability P{y^ — ^ I'e) [ilil that 
the oscillation probability P{ua z^/3)matter in matter coincides with that P(z/q — * z^/3)vacuum 
in vacuum 

Pi.T-'a i^/3)mattcr — Pi^^a fs) vSLCUum (l) 

when \Am'ji^L/ E\ -C 1 and \AL\ -C 1 are satisfied, where A = \/2Gi?iVe stands for the matter 
effect and A'^e is the density of electrons. This phenomenon was referred to as vacuum 
mimicking in ||^. In this short note it is shown that (|l]) holds in the first two nontrivial 
orders in Am'jf^L/2E and AL (the terms quadratic and cubic in /S.im?-j^L/2E correspond to 
T-conserving and T-violating probabilities in the leading order, respectively) for arbitrary 
numbers of neutrino flavors with general form diag(y4i, y42, ■ ■ ■ , A^) of the matter effect 
if \AmjkL/2E\ <^ 1 and \AL\ <C 1 are satisfied. 

In the three flavor framework of neutrino oscillations, the positive energy part of the 
Dirac equation which describes neutrino propagation is given by 

= [Udi^g (^1, ^2, ^3) U-^ + diag {A, 0, 0)] ^, (2) 

where '^^ = {i>e, ^111 ^t) is the flavor eigenstate, U is the Pontecorvo-Maki-Nakagawa-Sakata 
@-|ig (PMNS) matrix,!] and Ej = ^m] + f. Throughout this paper we assume that the 
density of matter is constant for simplicity. The case of matter with slowly varying density 
will be briefly discussed at the end of the paper. 

Here let us consider more general case with N neutrino flavors and with general matter 
effect: 

^^ = +^)^, (3) 

where 

^ = diag(Ei,E2,---,E^) (4) 

^ = diag(Ai,A2,---,AAr), (5) 

U is the N X N PMNS matrix and \1'"^ = i^ai, ^02^''^ ^on) is the flavor eigenstate. Without 
the matter effect (i.e., Aj = 0, j = 1, ■ ■ ■ ,N), (H) can be easily solved and the oscillation 
probability P{ua z^/3)vacuum is given by 



P(z/„ Z^/3)vacuum = 5q/3 - 2 ^ UajU^jU*;,Uf3k siu^ f 

j,k ^ 



( AEjkL 



E UajU;^U:,Uf,k sin (AE^kL) , (6) 



^Following S.T. Petcov we call U the PMNS matrix. 
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where AEjk = Ej — Ek and the second and the third terms on the right hand side correspond 
to CP-conserving and CP-violating probabihties, respectively. 

With the nonvanishing matter effect, on the other hand, explicit evaluation of the prob- 
ability is difficult but the N x N matrix USU^^ + ^ on the right hand side of (§) can be 
formally diagonalized by an x unitary matrix U^^: 



USU 



-1 



M cM /'ttM\-1 



(7) 



where 



£^^diag(Ef,E, 



M 
2 5 



(8) 



and Ef^ stands for the eigenvalue of USU ^ +A. As in the case of the oscillation probability 



in vacuum, we can formally solve and express the oscillation probability P(z/q 
as 



'^Z?) matter 



'^Z?) matter - (^0/3 " 2 ^ U^jU^j*U^l*U^l 



sm 



'AEfir 



E KK^V^:vfk sin (AElL) 



(9) 



where AE, 



M 
'jk 



E^ — E^ and the second and the third terms on the right hand side 



correspond to T-conserving and T-violating probabilities, respectively. 

Now let us assume that \AEjkL\ < 1 and \AEflL\ < 1 are satisfied, where the latter 
follows if \AEjkL\ -C 1 and \AjL\ -C 1. Then we can expand the sine functions in and 
(^). The zeroth order term is obviously 5^/3 for both probabilities. The term linear in AEjkL 
vanishes, since 

E UajU^jU^f,Uf3kAEjkL = UajU^jU^kU^k {Ej - Ek) 

j,k j,k 



L6al3 

0, 



usu-^ 



al3 



(usu~^ 



Pa 



(10) 



where 6aj3 has been obtained from the unitarity condition ^ UajU^j = Sa/B, and the last 

j 

equality holds because the inside of the square bracket vanishes for a = /?. Similarly we 
have 



E U^^U^/U^k*U^k^EfkL = L6^, {u'^SiU'r')^, " {u''S{U'r') 

j,k 



0. 



The first nontrivial case is the term quadratic in AEj^L and AEj^L. From we have 
the term quadratic in AEfj^L (up to a factor —1/2) 
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E \{Eff - 2EfEf + {E, 



X ttI^TtM* f rpM\2 , r r rM* r rM / ttiM \ 2 n ST^ T T T^^* TP^ T t1^*T tM rpM 



Here we note the following properties: 

E USU^*Ef = {U£U-' +A) = {U£U-') + 5^,A. 



a/3 

M ( cM\2(ttM\-1 



a/3 



M cM /ttM\-1 



(12) 



(13) 



(usu-^ + a) 

(US^U-') +{Aa + Af3)(uSU-') +6afs{Aa) 

\ / an \ / an 



a/3 



Thus (|T2D becomes 



'a/3 

\U£^U-^ 

usu-^ 



+ 



M I cM\2ittM\-1 



(14) 



a/3 

+ 2Aa ( USU-^ 



/3o 



/3a 



2L' 



af3 

6^f,{U£^U-' 



+ ^apAa 

usu-^ 



+ (A^r 



a/3 



/3a 



/3a 



(15) 



where all the contributions of the matter effect have disappeared in the last step. Since the 
last expression in (|T^ is the term quadratic in AEj^L for the probability in vacuum, we 
obtain 



E KU^/U^k*U^, {AEftLf = U^,U;p:,U,k {AE,,Lf . 

j,k j,k 

Next let us turn to the term cubic in AEjf.L. It is given by (up to a factor i/3\) 



(16) 



tSST^ ttMttM*ttM*ttM \f rr<M\3 o / TTiAf \ 2 771M , ornM/rpM\2 / 771 
^ l^^aj^Pj ^ak ^Pk [\Ej ) --^KEj ) E^ +'iEj {E^ ) -{E, 



a/3 



13a 



M I cM\2ittM\-1 



al3 



f3a 
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tM cM (ttM\-1 



af3 



pa 



I3a 

(USU-') +6^f,Aa\ \(US^U-')^ +{Aa + Afs)(uSU-')^ + 6^f,{A, 

(us^u-') (usu-') -(usu-') (us^u-') 

V /a/3 V J (3a \ J a(3 \ J 13a 



(17) 



where all the contributions of the matter effect have disappeared again in the last step. 
Since the last expression in (|17|) is the term cubic in AEj^L for the probability in vacuum, 
we obtain 



j,k j,k 



(18) 



It turns out that the matter contributions in the terms of 0{{AEjkLY) or higher are not 
canceled and we have 



matter 



OiiAE.kLY). 



(19) 



We note in passing that the equation (|T8|) gives another proof of the Harrison-Scott 
identity for the case with three flavors^ 



r'AEilAEi'.AE^, = 



(20) 



for 



EttMttM*ttM*ttM ( A TPM\" 
'Jaj 'Jak '^f3k \^^jk ) 



EO; f ttM ttM*ttM*ttM\ f a TP 
^ y^cj ^/3i ^«fe ^/3fc J [^^: 



j<k 



- {AE^^y + (AE^i)' + {AE 



-3iJ^'AE^(AE^ AE^^ 

T.Ua,u;^K,Up, {AE,,y 

j,k 

-3iJAEsiAE32AE2i, 



(21) 
where 

(22) 
(23) 

are the Jarlskog factors in matter and in vacuum, respectively, and we have used the fact 
+ + = + - {a + = -3ab{a + b) = 3abc ior a + b + c = {a = AE13, b = AE32, 

c = AE21). 



jM — o (jtMjtM*ttM*tt 
J = ^ \ ^al^l3l ^a2 

^^1^02^132 



different form of the quantity / J has been given in |13] 
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For long baseline experiments such as JHF [|T4| with relatively low energy {Ei, ~ IGeV, 
L ~ 300km), the larger mass squared difference lAmgg] ~ 3 x 10~^eV^ gives | Am|2-Z^/2i?| ~ 
0{1) and our assumption does not hold. In fact it has been shown that there is some 
contribution from the matter effect to CP violation at the JHF neutrino experiment. 

So far we have assumed that the density of matter is approximately constant. How- 
ever, even if the density depends on the position, if adiabatic treatment is allowed (i.e., 
\dU^ /dt\ -C l-E'j^l) then we can apply our argument to each interval in which the density 
can be regarded as approximately constant. Hence vacuum mimicking phenomena occur if 
adiabatic treatment is justified and \ AEjkL\ <C 1 and \AjL\ <C 1 are satisfied. 

After this paper was submitted to the preprint archive, the author has learned from E. 
Akhmedov that the result here holds not only in matter of approximately constant density, 
but also in the case of an arbitrary density profile |T^. The author would like to thank E. 
Akhmedov for useful communication, and S.T. Petcov and C. Pena-Garay for discussions. 
This research was supported in part by a Grant-in-Aid for Scientific Research of the Ministry 
of Education, Science and Culture, #12047222, #13640295. 
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